We theoretically explore a quantum memory using a single nanoparticle levitated in an optical dipole trap and subjected to feedback cooling. This protocol is realized by storing and retrieving a single photon quantum state from a mechanical mode in levitated cavityless optomechanics. We describe the effectiveness of the photon-phonon-photon transfer in terms of the fidelity, the Wigner function, and the zero-delay second-order autocorrelation function. For experimentally accessible parameters, our numerical results indicate robust conversion of the quantum states of the input signal photon to those of the retrieved photon. We also show that high fidelity single-photon wavelength conversion is possible in the system as long as intense control pulses shorter than the mechanical damping time are used. Our work opens up the possibility of using levitated optomechanical systems for applications of quantum information processing.
I. INTRODUCTION
Optomechanical systems provide a remarkable platform for controlling the interaction between photons and phonons at the quantum level [1, 2] . Over the past few years, there has been a growing interest to harness these optomechanical interactions in quantum communication protocols [3, 4] . In particular, cavity optomechanical oscillators have been explored as optical memory [5, 6] which allow light to be stored as a mechanical excitation and to be retrieved at any desired wavelength [7] [8] [9] [10] [11] . Such protocols are useful in quantum and classical information processing since they permit the conversion of quantum states or traveling pulses between modes of vastly different frequencies [12] [13] [14] . Interestingly, optomechanical light storage and retrieval has also been analyzed at a single-photon level [15, 16] , thereby providing a promising platform for the transfer of quantum states [17] . This furnishes a testbed for verifying the quantum nature of photon-phonon-photon transfer [18] [19] [20] . Apart from this, optomechanical interactions have been exploited for ground-state cooling of the mechanical mode [21, 22] , sensing of the mechanical motion with imprecision below the standard quantum limit [23] , strong coupling between optical and mechanical modes [24] , entanglement [25] , optomechanical squeezing [26] , and optomechanically induced transparency [27] [28] [29] .
In spite of these significant applications, most experimental realizations in cavity-based optomechanical systems are hampered due to heating and decoherence produced by the mechanical clamping losses. Further, the use of cavities places restrictions on the electromagnetic wavelengths, as they need to be resonant. A sensible solution to these limitations is provided by isolating the mechanical oscillator from its environment by means of levitation using optical [30] [31] [32] or magnetic [33, 34] fields * kxpsps@rit.edu and using active feedback to substitute for the cavity. Such levitated nanomechanical systems are approaching ground-state cooling [35] [36] [37] [38] [39] [40] , ultrasensitive applications [41] [42] [43] [44] [45] [46] , and preparation of quantum superposition states [47, 48] .
Recently, it was proposed that levitated optomechanics could facilitate a favorable platform for the storage and retrieval of optical information at the multiphoton level [49] . In the present paper, we consider the optical memory protocol based on levitated cavityless optomechanics for the storage and retrieval of a single photon, i.e., at the quantum level. Specifically, we investigate an effective protocol to store and retrieve quantum states [13] from the mechanical mode of the levitated optomechanical system. For this purpose, we consider the center-of-mass oscillations of a single nanoparticle levitated in an optical dipole trap subjected to nonlinear feedback [50] . The protocol follows a "double swap" scheme [7] by employing writing and readout pulses one mechanical frequency below the signal to effectively control the coupling between mechanical displacement and the signal. First, the writing and signal pulses arrive simultaneously to interact with the nanoparticle, thereby storing the quantum state of the signal in its mechanical mode. The system is then allowed to evolve freely for some time. Finally, the evolved state of the mechanical system is read at a later time utilizing a readout pulse.
We show that, under high vacuum, the Gaussian quantum states of a signal photon can be transferred with high fidelity [51] to the retrieved photon. However, the ambient conditions of pressure and temperature degrade the fidelity. We further characterize the effectiveness of the photon-phonon-photon transfer in terms of the Wigner function [14] and the g 2 (0) function [52] , which we find remains one for the transfer of coherent states and becomes less than one for squeezed coherent states. Moreover, we investigate the process in terms of the transmission of photon pulses [12] . We find the optimal pulse transmission under the condition of impedance matching [8, 11] . Our results suggest that a high pulse fidelity can be achieved by using input pulses of spectral width much narrower than the relevant transmission half-width [9] . This happens in the (multiphoton) strong-coupling limit where the transmission half-width remains independent of the mechanical decoherence, thereby allowing the efficient transfer of the input signal pulse. Thus we show that levitated optomechanical systems furnish a viable platform for quantum information processing tasks such as storage and retrieval.
The structure of the remainder of the paper is as follows. In Sec. II, along with relevant equations, we describe the quantum memory protocol based on a single nanoparticle levitated in an optical dipole trap. Section III elucidates the effectiveness of the protocol in terms of the fidelity, the Wigner function, and the zero-delay second-order autocorrelation. A scattering matrix treatment of the pulse transmission is also presented. Finally, the concluding remarks of the paper are presented in Sec. IV.
II. MODEL
The system under consideration is a single dielectric nanoparticle of mass m trapped in vacuum by a focused Gaussian beam. For small oscillation amplitudes, the three spatial modes of the mechanical oscillator are uncoupled and may be considered independently. Here, we consider the oscillations of the nanoparticle along x-direction such that its position is measured continuously by interferometric techniques [36, 50] . The monitored signal is then appropriately fed back [40] to modulate the trap beam so as to cause additional damping of the nanoparticle, thereby giving rise to cooling, and also some backaction heating. Further, we use writing and readout pulses one mechanical frequency away from the signal to achieve the transfer of quantum states of a single photon through the levitated optomechanical system. The writing and signal pulses interact simultaneously with the nanoparticle, followed later by the readout pulse, as shown in Fig. 1 . The presence of the writing pulse maneuvers the optomechanical coupling and facilitates the transfer of the quantum states of the signal to the mechanical oscillator. The stored photonic quantum states are retrieved at a later time once the readout pulse arrives.
A. Master Equation
The quantum dynamics of the levitated nanoparticle are described by the following master equation [40, 53] :
FIG. 1. Schematic of photon-phonon-photon transfer with an optically levitated nanoparticle of mass m in a dipole trap and subjected to nonlinear feedback cooling [40] . The particle oscillates in the optical dipole trap with frequency ωx along the x axis. A writing pulse along with the signal interact with the nanoparticle and causes the storage of the quantum states of the signal. The stored quantum state is retrieved at a later time by using a readout pulse.
where the first term on the right-hand side of Eq. (1) represents the unitary evolution of the optomechanical system with H = H 0 +H int , where H 0 is the unperturbed Hamiltonian of the system and H int represents the optomechanical interaction, respectively. The second term describes the positional decoherence of the nanoparticle due to the scattering of trap photons and A t is the heating rate due to trap photon scattering [40] . The third term represents the loss of photons from the optical field due to scattering from the nanoparticle and is given by
, where B i represents the appropriate optical damping rate [40] , a (a † ) is the annihilation (creation) operator of the optical field, ω i is the optical frequency, and ℓ x = /2mω x is the zero point fluctuation of the mechanical oscillator. Note that during writing process B = B w +B s , while for readout process it becomes B r . The fourth and fifth terms describe the respective momentum and position diffusion of the nanoparticle due to collisions with background gas. The momentum (position) diffusion coefficient is
, where T is the gas temperature, k B is Boltzmann's constant, η f = 6πµR is the coefficient of friction, µ is the dynamic viscosity of the surrounding gas, and R is the radius of nanoparticle. The sixth term represents gas damping at a rate γ g = η f /2m. The last two terms govern the nonlinear feedback damping and accompanying backaction, respectively. These terms are characterized by the respective coefficients γ f = χ 2 ΦG and
Here, χ, Φ, and G are the scaled optomechanical coupling, the average detected photon flux, and the feedback gain, respectively. The Lindblad superoperator in Eq. (1) operates on the density matrix ρ according to the rule
Here, the mechanical position (momentum) quadrature is represented in dimensionless form as
is the annihilation (creation) operator of the mechanical oscillator.
B. Assumptions
It is to be emphasized that the theoretical predictions of Eq. (1) have been found to be in excellent agreement with experimental data [40] . For the convenience of the reader, we summarize the main assumptions [54] of our model as follows. (1) The radius of the dielectric nanoparticle is assumed to be much smaller than the wavelength of the optical field.
(2) For amplitude of oscillations smaller than the beam waist and Rayleigh range, motion along three directions of oscillations is assumed to be uncoupled and can be treated independently. (3) To derive Eq. (1) Born-Markov approximation is used since the coupling between the optical field and the background is assumed to be very weak and bath correlations decay very quickly. This approximation is valid under the condition if the bath correlation time is smaller than the relaxation time of the system [55] . For our case, the bath correlation time at 4 K (τ B ∼ kB T ∼ 10 −11 s) is much smaller than the relaxation time (τ R = 1 Γ = 1.5 ms, where Γ is the damping contributed by various relaxation processes, as explained below), thereby ensuring the validity of Born-Markov approximation. Further, the coupling between any systems or reservoirs is assumed to be small (g ≪ Γ, B, where g is the single-photon optomechanical coupling). This ensures that the error in combining various master equations, e.g., optical and Brownian, is very small [56] . (4) In the derivation of Eq. (1), the terms oscillating at a high frequency have been neglected. This approximation is valid [55] if the time for the intrinsic evolution of the system (τ S = 1 ωx = 8 µs) is smaller than the relaxation time (τ R ). For our case, this condition yields Γ < ω x . (5) The Brownian motion term in Eq. (1) characterizes the effect of collisions of the background gas with the nanoparticle. For the validity of this effect, a low density limit of the surrounding gas is assumed under the condition that the mean free path of the gas bath is smaller than the diameter of the nanoparticle [55] . (6) Further, to write the nonlinear feedback term in Eq.
(1), the Markovian limit is assumed where feedback is introduced rapidly as compared to any system time scale. (7) The possibility of interference between coherent and incoherent processes [57] is assumed to be negligible for the system under consideration. The condition for this to occur is that the coherent coupling frequencies in the system be much larger than the inverse of the bath correlation times. However, in our case, the optomechanical coupling (∼100 kHz) is much smaller than the thermal correlation frequency (∼ 1 τB ∼ 10 11 Hz).
C. Quantum Langevin Equations
Now the optomechanical interaction Hamiltonian is written as
where
is the optomechanical coupling constant [40, 53] . Here, ǫ c is the effective relative permittivity of the dielectric, V n is the volume of the nanoparticle, ω s is the frequency of the applied signal field, ∆ω s is the signal laser linewidth, and w 0 is the waist of the signal. We also have assumed that the focus of the signal field is shifted from that of the trap by a small amount ∆x. In the presence of red-detuned coherent pulses [49] , the linearized Hamiltonian in the rotating frame and in the interaction picture [12] is written as
is the effective optomechanical coupling rate, n i (i = w, r) is the photon number of the writing (readout) field, ∆ = ω s − ω i − ω x is the detuning, ω i (i = w, r) is the frequency of the writing and readout field, and a s is the annihilation operator for the signal field. Note that, in Eq. (3), we have used a mean-field approximation in which the intense control field can be treated classically and the optomechanical interaction is linearized with respect to the signal field [5, 58] . Using the linearization process to describe optomechanical signal photon storage and retrieval, the master equation (1) can be unraveled in terms of the following set of Langevin equations of motion:
where Γ = γ g + δΓ is the mechanical damping [59] and
is the nonlinear feedback damping. The stochastic terms have the correlations a
. Here, γ = 2mγ g k B T ef f , T ef f is the effective temperature of the total background due to the combination of gas and optical scattering, and F = 54m ω x χ 2 ΦG 2 2 N 2 + 2 N + 1 . The damping and noise terms due to nonlinear feedback depend on the mechanical state of the system [40] . Note that, in the absence of damping and noise terms in Eqs. (4) and 5), π/2 control pulses facilitate the complete mapping of motional state to optical state and vice versa thereby providing a realization of the optomechanical storage and retrieval [5] . Further, it was recently shown that in the absence of backaction terms, Eqs. (4) and 5) can be solved to demonstrate multiphoton storage using levitated cavityless optomechanics [49] . Moreover, it was shown that such a cavityless protocol is compatible with wavelength conversion as well as for the retrieval of photons in the same direction as that of the incoming photons owing to the conservation of momentum. Taking these arguments into consideration, in this paper, we include the backaction terms in Eqs. (4, 5) to address the topic of light storage at a single-photon level.
III. RESULTS
We investigate a protocol based on a single levitated nanoparticle to upload, store, and retrieve a single-photon quantum state from a mechanical mode. To describe this protocol, we employ Gaussian writing (readout) pulse
, such that in Eqs. (4) and 5) we
Here G w0 (G r0 ), t w (t r ) and t 1s (t 2s ) represent the respective amplitude, central time and the width of the writing (readout) pulse.
A. Optomechanical photon storage and retrieval
The idea for the efficient photon-phonon-photon transfer is based on the storage and retrieval of a single photon using a single nanoparticle levitated in an optical dipole trap subjected to nonlinear feedback. In such a protocol, the quantum states of the signal photon and the mechanical mode can be swapped by red-detuned strong coherent pulses. That is, first the signal pulse is stored as a mechanical excitation by means of a writing pulse and, at a later time, the readout pulse results in the retrieval of stored optical information. Note that such an optomechanical photon storage and retrieval is characterized by the interaction Hamiltonian in Eq. (3) and can be described by an anti-Stokes process [9] . During the writing process, the incoming signal photon is converted into a coherent phonon of the mechanical oscillator by means of ω s − ω w = ω m . On the other hand, the readout pulse at a later time is scattered to produce a retrieved photon by absorbing a phonon of the mechanical mode [60], thanks to the up-conversion process ω re = ω r + ω m . Here ω re is the frequency of the retrieved photon. To illustrate optomechanical light storage and retrieval [49] , we numerically solve Eqs. (A1-A4) in Appendix A [derived from Eqs. (4) and (5)] by using the Gaussian pulses as exhibited in the top panel of Fig. 2 . The time dependence of the calculated power of the signal and retrieved photon, together with the power of the stored mechanical oscillation, is shown in the bottom panel of Fig. 2 . For the storage process, a signal pulse which arrives simultaneously with writing pulse at t s = 0.09 ms is converted into mechanical excitation by means of a writing pulse. Subsequently, a readout pulse arrives at t r = 0.9 ms and converts the mechanical excitation back into the retrieved optical signal, as seen in Fig. 2 . Such a protocol can be explored for the possibility of transfer of photonic states and we are encouraged in this endeavor by the high efficiency of photon retrieval during the readout process.
B. Fidelity
In the preceding section, we have described how the storage and retrieval of a single photon in levitated optomechanics sets a stage for the transfer of quantum states of a single photon. To characterize the quality of the retrieved photon, we calculate the fidelity defined by
, where ρ i is the initial density matrix of the signal photon and ρ f is the density matrix of the retrieved photon state. For Gaussian states, the fidelity can be calculated from the covariance matrices of the quadrature variables [51] . In order to do so, we assume the signal photon to be in a squeezed coherent state |α, r , where, α is the coherent amplitude of the state and r is the squeezing parameter. The initial mechanical state, on other hand, is assumed to be thermal. Using the covariance matrix, as can be derived from Eqs. (B8) and (B9) in Appendix B, the fidelity can be written in the following form:
(Im(α(0))) 2 and t f is the free evolution time. To describe the fidelity, we set G w (t) = G w0 and G r (t) = G r0 and also consider π/2 writing and readout pulses. In Fig. 3(a) , we study the dependence of the fidelity on the parameters of the initial squeezed coherent state. It is determined from Fig. 3(a) that a high fidelity can be achieved with small values of α and r. However, the fidelity deteriorates in the region of increasing parameters. The degradation of the fidelity with α is due to an increase in the average-amplitude decay of the retrieved photon state owing to the mechanical decoherence [7, 13] . On the other hand, the narrower features of the squeezed states in phase space cause the mechanical decoherence to become severe with increasing squeezing parameter r thereby degrading the fidelity [14] . Also, note that the high fidelity in Fig. 3(a) is attributed to π/2 pulses (t 1s = 19 µs, t 2s = 18 µs) which are relatively shorter than the mechanical decay time (30 ms) so as to provide immunity to the levitated optomechanical system against decoherence. Further, the double swap scheme enables the Gaussian states to be transferred efficiently if the optomechanical coupling is stronger than mechanical decoherence rate (G i > Γ). This is shown in Fig. 3(b) , where a strong effective optomechanical coupling results in the high transfer fidelity. Such a strong optomechanical coupling can be achieved by employing intense writing and readout pulses so as to achieve high transfer fidelity, as exhibited in Fig. 3(c) .
FIG. 4. (a) Fidelity vs t1s (µs) and |α| 2 . (b) Fidelity vs t2s (µs), and |α|
2 . In plot (a) t2s = 7 µs and in plot (b) t1s = 7 µs and other parameters are the same as in Fig. 3 .
To delineate the above results, we have used π/2-area writing and readout pulses. However, it is still possible to efficiently transfer the quantum states of a signal photon even if the pulse area exceeds π/2, thanks to the absence of clamping losses in levitated optomechanics. Nevertheless, the process involves writing and readout pulses of duration smaller than the mechanical decoherence time. Under this situation, the system remains immune to the decoherence, thereby providing a high fidelity in our protocol, as illustrated in Fig. 4(a) and (b) . Despite the presence of the short span pulses, the fidelity again degrades with the amplitude of the coherent state of the signal photon for the same reason as explained above. So far the preceding results are based on the conditions of low pressure (≤ 10 −5 mbar). Under this low-pressure regime, the preparation of oscillator near the ground state leads to an efficient retrieval of a photon from the mechanical oscillator, thereby providing a high value of fidelity as depicted in Fig. 5(a) . However, in the high-pressure regime, the fidelity degrades due to an increase in the gas damping as exhibited in Fig. 5(b) .
C. Wigner function of the retrieved photon
Above we have described that strong writing and readout pulses of short duration are suitable for the efficient transfer of Gaussian states of the signal. To further quantify the effectiveness of the photon-phonon-photon transfer, we write the following form of the Wigner function [14] of the retrieved photon state by using covariance matrix (V ) [derived from Eqs. (B8) and (B9) in Appendix B]:
where we have introduced
Here Degradation due to mechanical decoherence limits the transfer fidelity, thereby causing the distortion in the shape of the Wigner function of the retrieved photon. This is shown in Fig. 6 . For pulses of very short span, for instance, t 1s = t 2s = 1 µs in Fig. 6(b) , the Wigner function of the retrieved photon state remains Gaussian similar to that of the input signal state [see Fig. 6(a) ]. However, the larger temporal width of the pulses causes mechanical decoherence to intervene in the process to produce distortion in the Wigner function as depicted in Figs. 6(c) and (d) . Besides this, we have also figured out that in the presence of π/2 pulses and for G i > Γ, the Wigner function of the retrieved photon remains relatively the same as that of input signal photon state. Thus the Wigner function provides a good measure of the effectiveness of the protocol.
As demonstrated above, a writing pulse causes the swap of Gaussian states of the signal photon to the mechanical oscillator and readout pulse at a later time results in the retrieval of the stored Gaussian states. Such states, namely coherent as well as squeezed states, can be efficiently transferred to the retrieved photon when the width of the writing and readout pulses is shorter than mechanical decoherence time. Again, to characterize the photon transfer through a levitated optomechanical system, we obtain the zero-delay second-order autocorrelation (see Appendix C) of the retrieved photon during readout pulse, g 2 (0) = a † squeezed states of the signal, the two-photon coincidence probability for the retrieved photon becomes less than 1 [g 2 (0) < 1], as depicted in Fig. 7(b) . Thus, our protocol based on cavityless levitated optomechanics provides a versatile platform for the efficient transfer of singlephoton Gaussian states.
E. Scattering matrix analysis
In the preceding analysis, we have described the transfer of Gaussian states associated with the signal. Here, we analyze the transmission of a single-photon signal pulse through the levitated optomechanical system. Such traveling pulses can be transmitted between channels of quite different wavelengths [49] . In the itinerant state transfer, an input state is centered around a single frequency. As a result of this, the transfer of signal pulse to the retrieved pulse can be viewed as a stationary scattering process and thus a high-fidelity transfer can be characterized by a set of requirements on scattering matrix [11] . Now, to study itinerant state transfer, we consider a quantum input a s in (t) for the signal a s and b in (t) and a r in (t) are the noise operators with zero average. For constant effective couplings, the retrieved photon pulse at the output can be written as (see Appendix D)
whereT 31 (ω) characterizes the transmission of input signal pulse a s in (ω) to output retrieved pulse a re (ω), T 32 (ω) (M 32 (ω)) represents the transmission of thermal (non-linear feedback) mechanical noise, andT 33 (ω) gives the contribution of the optical noise associated with readout pulse. For a high-fidelity transfer from a s in (ω) to a re (ω) over the bandwidth of the signal pulse, the transmission matrix coefficientT 31 (ω) → 1 as well aŝ T 32 (ω),M 32 (ω),T 33 (ω) → 0. This is shown in Fig. 8(a) and it is clear that |T 31 (ω)| = 1, whereas other noise contributions are suppressed at ω = 0 in the transmission. The value ofT 31 at ω = 0 isT 31 (0) = 2 √ C w C r /(C w + C r + 1), where C w = 4G 2 w /ΓB (C r = 4G 2 r /ΓB r ) is the cooperativity associated with write (readout) process. It is to be notedT 31 (0) attains a maximum value at an optimal transmission condition of impedance matching (C w = C r ) [8, 11] , thereby providing efficient transfer of a signal photon. Another important feature of the transmission matrix element is the transmission half-width ∆ω defined as |T 31 (∆ω)| = |T 31 (0)|/2. We find that, in the strongcoupling regime G i > Γ, B, the transmission half-width is determined by 4G 2 i /B. But in the weak coupling limit with G i < Γ, B, the transmission half-width is limited by the mechanical decay rate [9, 12] . This shows that for strong optomechanical coupling the input components |ω| ≪ ∆ω can be efficiently transmitted since such frequency components of the signal photon remain immune to the mechanical decoherence. To characterize this, we define pulse fidelity [12] as
Using Eq. (9), a re (ω) = |T 31 (ω)| a s in (ω) for frequency components and thus the pulse fidelity is determined by the properties ofT 31 (ω). For illustration, we study the transmission of a Gaussian signal pulse a
, where σ ω is the spectral width. If we use this pulse profile in Eq. (10), then the pulse fidelity attains a high value for a narrow-bandwidth pulse, as shown in Fig. 8(b) . Thus a quantum input signal pulse with spectral width σ ω ≪ ∆ω can be transmitted with high fidelity to the output without suffering from mechanical decoherence throughout the transmission. This facilitates an efficient photon-phonon-photon transfer in a levitated optomechanical system.
IV. CONCLUSION
We have studied the storage and retrieval of a single photon at a quantum level using levitated cavityless optomechanics. We have shown that, under experimental conditions, such a system is suitable for the efficient transfer of single-photon quantum states. The effectiveness of the protocol was characterized in terms of the fidelity, the Wigner function, and the zero-delay secondorder autocorrelation function. These quantities were explored to demonstrate a robust conversion of Gaussian states of the signal to the retrieved photon. We have found that our protocol remains relatively immune to the mechanical decoherence in the presence of strong writing and readout pulses of duration smaller than mechanical decay. Further, a high fidelity photon-phonon-photon transfer was described in terms of the transmission of traveling photon pulses between channels of quite different frequencies. Our results indicate that levitated optomechanics may be useful for quantum networks.
Appendix A: CALCULATIONS FOR OPTOMECHANICAL STORAGE AND RETRIEVAL
To delineate a quantum memory for the storage and retrieval of single photon, we use Eqs. (4) and 5) to obtain following equations for the second-order moments [52] :
To derive the above equations we have used the fact that a s (t) , a † [61] .
Appendix B: CALCULATION OF COVARIANCE MATRIX
In order to calculate the covariance matrix associated with the retrieved photon optical quadratures, we write the following equation from Eqs. (4 and 5):-
Here, the quadratures of the optical and mechanical modes are given by
, respectively. Now, the solution of Eq. (B1) can be written as
where M (t) = exp (Ct). Now, in the presence of writing pulse of duration t 1s , the above equation can be written in the simplified form as
where G w is the effective optomechanical coupling due to writing pulse, B = B s + B w is the total optical damping due to write process including contributions from signal and writing pulse and η w = exp (−Bt 1s ). After the writing process, the mechanical system is allowed to evolve freely for time t f . During this stage, the mechanical environment intervenes in the process. Finally, during a readout pulse, the optical quadratures of the retrieved photon read as X(t s ) = η r η w cos (G r t 2s ) cos (G w t 1s ) X(0) + cos (G r t 2s ) sin (G w t 1s ) P (0) + η r η f − sin (G r t 2s ) sin (G w t 1s ) X(0) + sin (G r t 2s ) cos (G w t 1s ) P (0) + η r η w cos (G r t 2s ) 
where η f = exp [−Γ (t 1s + t f )], η r = exp (−B r t 2s ), t 2s is the duration of the readout pulse, t s is the total transfer time, G r is the effective optomechanical during readout pulse, and B r is the optical damping during readout process. Now, the fidelity can be calculated by using the following covariance matrix
where the elements of the covariance matrix are defined as V ξiξj = 1 2 ξ i ξ j + ξ j ξ i − ξ i ξ j and these can further be written by using Eqs. (B8) and B9). In order to derive covariance matrix elements, we require X(0)X(0) = (α + α * ) 2 + e −2r , and P (0)P (0) = (2 N +1). It turns out that V Y (ts)Y (ts) can be expressed in terms of V X(ts)X(ts) just by replacing r to −r ; also, V X(ts)Y (ts) = V Y (ts)X(ts) = 0. 
Now in the photon-phonon-photon transfer, the states of the signal are transferred to the mechanical mode by employing a writing pulse of duration t 1s . Then the system is evolved freely for time t f . Finally, the stored photon is retrieved at a later time by using a readout pulse of span t 2s and can be written as a re (t s ) = η r cos(G r t 2s )a r (0) − η r η f sin(G r t 2s ) sin(G w t 1s )a s (0) − iη r η f sin(G r t 2s ) cos(G w t 1s )b(0)
− iη r η f sin(G r t 2s ) 
where η f and η r are defined in Appendix B. Now, from Eq. (C3), we can write a Further, the pulse fidelity equivalent to Eq. (10) can be defined as 
where, the output retrieved pulse a re (t) can be calculated by integrating over frequency components a re (t) = dω a re (ω) e iωt .
